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Electromagnetic theory Maxwell equations in free space

Electromagnetic theory
Introduction

Scalars, vectors and complex numbers

E = a vector

E = a scalar

c̃ = a complex number

Scalar and vector product

E · E = a scalar product

E× E = a vector product

Differential operators

∇ · E = div E

∇× E = rot E
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Electromagnetic theory Maxwell equations in free space

Electromagnetic theory
Introduction

Electromagnetic vectors in the electromagnetic theory

Electric and magnetic fields are analytically described by the following
vectors

Symbol Unit Description

E
[
V
m

]
electric field

H
[
A
m

]
magnetic field

D
[

N
Vm

]
electric flux density

B
[

N
Am

]
magnetic flux density

J
[

A
m2

]
electric current density

Jm
[
V
m2

]
magnetic current density

Φe [As] electric flux

Φm [Vs] magnetic flux
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Electromagnetic theory Maxwell equations in free space

Electromagnetic theory
Introduction

Fundamental laws for electric fields

For the electromagnetic theory, it is important to know some basic
relations.

Symbol Unit Description

Q =
∫
ρv dv =

∮
S D ds [C ] total charge from charge density in a

volume

Φ̇m = U =
∮
C E dr = 0 [V ] variation of magnetic flux with time or

electric potential along a closed contour
for static fields, d/dt = 0

E = −∇ · U = −grad U
[
V
m

]
electric field in terms of the (scalar)
electric potential

J = σE
[

A
m2

]
electric conductive current density

Jm = σmH
[
V
m2

]
magnetic conductive current density
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Electromagnetic theory Maxwell equations in free space

Electromagnetic theory
Maxwell equations

The Maxwell equations of integral form

The Maxwell equations in a medium, where ε = ε0εr and µ = µ0µr , a
volume charge density ρv [C/m3] and an electric current density J [A/m2],
apply to the characteristics of electric and magnetic vector fields.

[V ]

∮
C

E dr = −
∫
S

∂

∂t
B ds = Φ̇m Faraday′s Induction Law (1)

[A]

∮
C

B

µ
dr =

∫
S

J +
∂

∂t
εE ds = Φ̇e Ampére′s Circuit Law (2)

[As = C ]

∮
S
εE ds =

∫
V
ρv dv Gauss Law (Electric) (3)

[Vs =?]

∮
S

B ds =

∫
V

? dv = 0 Gauss Law (Magnetic) (4)

A time varying electric field creates a magnetic field and vice versa.
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Electromagnetic theory Gauss and Stokes theorem

Electromagnetic theory
Gauss and Stokes theorem

The Gauss and Stokes Theorem

Let V be a vector field. Then, the integrals over closed surfaces S , volumes
V and closed contours C are related by the Gauss and Stokes theorem.

Gauss Theorem

∮
S

V ds =

∫
V

∇ · V dv

Stokes Theorem

∮
C

V dr =

∫
S

∇× V ds
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Electromagnetic theory Ampere’s circuit and Faradays induction law

Electromagnetic theory
Maxwell equations

Faraday’s Induction Law

The expression is extended by considering an electric field E, which causes
the voltage U and thereby

[V · s] Φm =

∫ ( ∮
C

E dr

)
dt

[
V

m
·m · s

]
[V ] Φ̇m = − ∂

∂t

∫
S

B ds

[
1

s

Vs

m2
·m2 · s

]
This yields Faraday’s Induction Law[

V =
V

m
·m
]
U =

∮
C

E dr = −
∫
S

∂B

∂t
ds

[
1

s
· N

Am
·m2 =

J

C

]
(17)

which states that a time-varying magnetic field will have an associat-
ed electric field.
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Electromagnetic theory Ampere’s circuit and Faradays induction law

Electromagnetic theory
Maxwell equations

Ampere’s Circuit Law

From experiments, Andre Marie Ampere (1775-1836) found that the
magnetic flux density B at a distance r of a straight wire carrying a
current I is µ0I/2πr .

When the current I has a uniform cross section, Ampere’s Law is written
in terms of the current density J integrated over the penetrated area S[
V · s =

N

Am
·m
]

Φm =

∮
C

B dr = µ0

∫
S

J ds = µ0I

[
Vs

Am
· A

m2
·m2

]
(18)

where [VAs = Nm] and with the permeability of vacuum µ0 = 4π · 10−7

Vs/A/m.

When embedded in a material (medium), its permeability µ = µ0µr needs
to be considered, where µr is the dimensionless relative permeability.
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Electromagnetic theory Ampere’s circuit and Faradays induction law

Electromagnetic theory
Maxwell equations

Ampere’s Circuit Law

Considering an experiment with two conducting plates forming a capacitor,
the law needs to extended by the displacement current

dID =
∂

∂t
(εE) ds =

∂D

∂t
ds = JD ds (19)

with the displacement current density JD , caused by a time varying
electric field or by a time varying electric flux density or by time varying
properties of the medium.

Ampere’s circuit law is then extended by a term considering the time
varying electric field∮

C
B dr = µ0

∫
S

J +
∂

∂t
εE ds

[
Vs

Am
·
(

A

m2
+

1

s
· As
Vm
· V
m

)
·m2

]
(20)

The interpretation is that a time-varying electric field is accompanied
by a magnetic field.
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Theory of waves Propagation vector and the Ewald sphere

Theory of waves
Harmonic waves

Harmonic electromagnetic waves

Harmonic waves are waves of sine or cosine shape.

Let a harmonic wave propagating in x-direction, the electric field vector
and magnetic flux density vector are given by

Ey (x , t) = E0 · cos (ωt − kx + ε)

Bz(x , t) =
E0

c
· cos (ωt − kx + ε)

where Bz is obtained from the integral Bz = −
∫
∂Ey/∂x dt.

Since

Bz = −
∫
∂Ey

∂x
dt = −

∫
−kE0 · sin (ωt − kx + ε) dt =

k

ω
Ey =

Ey

c

→ E and B are obviously linked by the speed of light, E/B = c = k/ω.
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Electromagnetic waves Partial differential wave equation

Electromagnetic waves
The partial differential vector wave equation

The electromagnetic wave equation for the electric field and magnetic flux

In a homogeneous, isotropic and linear medium and in the absence of char-
ges or currents, the Maxwell equations yield the two partial differential
wave equations of vector form

∇2E = ε0µ0
∂2E

∂t2
(38)

∇2B = ε0µ0
∂2B

∂t2
(39)

where every component of the electric field E [V /m] and magnetic flux
density B [T = Vs/m2] obeys three scalar differential wave equations. A
comparison of equation 38 and 39 to the scalar wave equation for un-
damped systems shows v = 1/

√
ε0µ0 = v . As v ≈ 2.9979 · 108 [m/s] and

the coincidence with Fizeau’s experiments on speed of light, light was
concluded an electromagnetic wave.
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Electromagnetic waves Helmholtz equation

Electromagnetic waves
The Helmholtz equation

Plane wave solution and Helmholtz equation

Using harmonic plane vector waves to solve the differential equations
for E and B, the Helmholtz equation is obtained

E(r, t) = E0 · e j(k·r−ωt)

B(r, t) = B0 · e j(k·r−ωt)

via equations 38 and 39 using k = ω/c , where equations 38 and 39 are
derived from the Maxwell equations. The Helmholtz equation for the
electric field and the magnetic flux density is

(∇2 + k2) · E = 0 (40)

(∇2 + k2) · B = 0 (41)

Since all time derivatives vanished, the equations represent the stationary
case.
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Light and Matter Electromagnetic Boundary Conditions

Light and Matter

Electromagnetic Boundary conditions

Normal components of the electromagnetic field
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Light and Matter Electromagnetic Boundary Conditions

Light and Matter
Normal components of the electromagnetic field

Gauss’ theorem at continuous boundaries

The integral in equation 1 then reduces to

B1 · n1 ds + B2 · n2 ds = 0

Let n be the unit normal vector pointing from the first to the second
medium. Then n1 = −n and n2 = +n. The opposite sign considers the
situation that the outward normals point in the opposite direction.

The expression can then be transformed to

(B2 − B1) · n = 0

The interpretation of this expression is that the normal component of
the magnetic induction B is continuous across the boundary.

Matthias Fertig Optics & Photonics Module 2 V0.01 8 / 68



Light and Matter Electromagnetic Boundary Conditions

Light and Matter
Normal components of the electromagnetic field

Gauss’ theorem at continuous boundaries

The electric displacement D [As/m2] may be treated the same way∫
A

D ds =

∫
V

∇ ·D dv = 4π

∫
V
ρ dv (2)

with ds is n · ds and n is the outward normal on the surface surrounding
the volume V .

As the areas dA2 and dA1 have been assumed infinitesimal small, D is
assumed to be constant on dA2 and dA1, say D2 and D1. The con-
tribution of the side wall to the integral is eliminated by letting the height
dh of the cylinder tend towards zero and the existence of surface charges is
reflected by considering the charge density ρ [C/m3].With this approach
on dh, the volume changes to a surface and the volume charge density ρ
must be replaced by a surface charge density ρs .
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Light and Matter Electromagnetic Boundary Conditions

Light and Matter
Normal components of the electromagnetic field

Gauss’ theorem at continuous boundaries

The integral then reduces to

D1 · n1 ds + D2 · n2 ds = 4πρs

Let n be the unit normal vector pointing from the first to the second
medium. Then n1 = −n and n2 = +n. The opposite sign considers the
situation that the outward normals point in the opposite direction.

The expression can then be transformed to

(D2 −D1) · n = 4πρs

The interpretation of this term is that the normal component of the
electric displacement D is continuous across the boundary in the ab- sence
of surface charges ρs and changes abruptly otherwise.
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Light and Matter Electromagnetic Boundary Conditions

Light and Matter

Electromagnetic Boundary Conditions

Tangential components of the electromagnetic field
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Light and Matter Electromagnetic Boundary Conditions

Light and Matter
Tangential components of the electromagnetic field

Stokes theorem at continuous boundaries

To study the behaviour of the tangential components of the electric vector
E [V /m], a sharp discontinuity is replaced by a continuous transition layer
again. The cylindrical shaped volume is replaced by a rectangular area A
with sides parallel and perpendicular to the interface.

The vector nA shall be the normal unity vector on the rectangular area
across the interface. According to Stokes theorem∮

C

E dr =

∫
A

∇× E ds = −1

c

∫
A

∂B

∂t
ds (3)

with ds is nA · ds and C is the closed contour surrounding A. Let the
tangential paths on C be so small that E can be replaced by constants E1

and E2. The contributions of the normal paths across the interface are
eliminated by letting them tend towards zero, i.e. dh→ 0.
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Light and Matter Electromagnetic Boundary Conditions

Light and Matter
Tangential components of the electromagnetic field

Transition layer for tangential components

Figure : Derivation of boundary conditions for the tangential components of E
and H (Source: Principles of Optics, Born and Wolf, p.5)
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Light and Matter Electromagnetic Boundary Conditions

Light and Matter
Tangential components of the electromagnetic field

Stokes theorem at continuous boundaries

Assuming that the temporal derivative of B remains finite, the integral
transforms to

(E1 · t1 + E2 · t2) ds = 0 (4)

with t2 = nA × n = −t1 and n is the unit normal on the boundary, point-
ing from medium 1 towards medium 2. In order to obtain a closed con-
tour, there must be a change in the sign of t. The integrand is then

nA · (n× (E2 − E1)) = 0 (5)

The right side of the integral vanishes as the area A vanishes with dh→ 0.
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Light and Matter Electromagnetic Boundary Conditions

Light and Matter
Tangential components of the electromagnetic field

Stokes theorem at continuous boundaries

As the orientation of nA is that of the rectangular area A which is arbitrary
according to the orientation of the boundary, it follows that

n× (E2 − E1) = 0 (6)

which states that the tangential component of the electric vector is
continous across the boundary.
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Light and Matter Electromagnetic Boundary Conditions

Light and Matter
Tangential components of the electromagnetic field

Stokes theorem at continuous boundaries

The magnetic vector H [A/m] may be treated the same way. The rect-
angular area A with sides parallel and perpendicular to the interface and
normal unity vector nA is introduced. According to Stokes theorem∮

C

µH dr =

∫
A

∇× (H) ds = −1

c

∫
A

∂

∂t
(εD) +

4π

c
J ds (7)

with ds is nA · ds and C is the closed contour surrounding A. Let the tan-
gential paths on C be so small that H can be replaced by constants H1

and H2. The contributions of the normal paths across the interface are
eliminated by letting them tend towards zero, i.e. dh→ 0.

Here, the right side does not vanish completely, as the existence of surface
current densities conclude a term 4π/c · Js with the surface current
density Js .
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Light and Matter Electromagnetic Boundary Conditions

Light and Matter
Tangential components of the electromagnetic field

Stokes theorem at continuous boundaries

Assuming that the temporal derivative of D remains finite, the integral
transforms to

(H1 · t1 + H2 · t2) ds =
4π

c
Js (8)

with t2 = nA × n = −t1 and n is the unit normal on the boundary, point-
ing from medium 1 towards medium 2. In order to obtain a closed con-
tour, there must be a change in the sign of t. The integrand is then

nA · (n× (H2 −H1)) =
4π

c
Js (9)
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Light and Matter Electromagnetic Boundary Conditions

Light and Matter
Tangential components of the electromagnetic field

Stokes theorem at continuous boundaries

As the orientation of nA is that of the rectangular area A which is arbitrary
according to the orientation of the boundary, it follows that

n× (H2 −H1) =
4π

c
Js (10)

which states that the tangential component of the magnetic vector is
continuous across the boundary in the absence of surface current densities
Js and changes abruptly otherwise.
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Light and Matter Dispersion and refractive index

Light and Matter

Dispersion and the refractive index

Excitation of an atom

Dispersion equation

Refractive index
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Light and Matter Plane wave propagation and absorption

Light and Matter

Plane wave propagation and absorption
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Light and Matter Polarization of light

Light and Matter

Polarization of light

Polarization and its configurations
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Light and Matter Snell’s law of reflection and refraction

Light and Matter

Snell’s law of reflection and refraction

Reflection and refraction
Snell’s law
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Light and Matter Fresnel coefficients of amplitude

Light and Matter

Fresnel coefficients of amplitude

Geometry for TE-polarized waves
Transformation of TE-amplitudes

Geometry for TM-polarized waves
Transformation of TM-amplitudes

Fresnel coefficients of amplitude

Field orientations and phase shifts

Internal and external reflection
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Light and Matter Total internal reflection

Light and Matter

Total internal reflection

Evanescent waves

Frustrated total internal reflection
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Applications

Applications

FTIR in a windshield wiper

TIR in a waveguide

Wavelength division in a prism

Numeric aperture of a wavegiude
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